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Using  transport  theory, w«  liave  eal««»lated  the  radar  cross  section  of  an 
underdense  turbulent  wake  in  the  limit  when  the  scale  size  of  the  turbulence 
is  larger  than  the  signal  wavelength.  \V«  l»arVe ‘found  that  for  t.istatic  scatter 
the  first  Born  approximation  is  valid,  even  if  the  wake  is  many  photon  mean- 
free  paths  in  extent.  However,  neither  the  Born  approx! r-iation  nor  the  modi¬ 
fied  Horn  approximation  is  valid  for  the  nonostatic  radar  cro.ss  section  when 
the  wake  is  many  photan  mean-free  paths  in  extent.  In  this  case  a  modified 
result,  derived  in  tWs  report,  must  be  used. 
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Radar  Cross  Section  of  Undcrdense  Turbulent  Wakes 


1.  INTRODUCTION 

There  has  been  considerable  interest  in  the  radar  cross  section  (RCS)  of  the 

turb>iient  wake  of  a  reentry  vehicle.  Generally,  this  has  been  calcvilated  using  the 
1  -3  '  4 

Born  approximation  or  a  modified  Born  approximation  ,  and  the  -bove  calcula- 
ti<m  i.s  valid  when  the  dimension  of  the  wake  in  the  propagation  direction  is  less 
than  the  mean  free  path  for  photon  scatter.  This  is  an  acceptaule  approximation 
foi'  the  ilCb  of  a  oiitji  'v  miueruense  wake.  However,  for  longer  wakes  :he  Born 
appi oximation  is  no  longer  accurate,  and  more  exact  techniques  must  be  employed 
to  calculate  the  RCS,  In  this  report  wc  will  employ  transport  theory  to  obtain  an 
exact  expression  for  the  RCS  of  an  underdense  turbulent  plasma  in  which  the  di¬ 
mensions  of  the  plasma  are  large  compared  with  the  photon  mean-free  path. 
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2.  ANAL^MS 


To  stuc,  tlu'  scPTtoring  from  )n  uiiderdensc  turbulent  plasnui  we  consider  the 
model  shown  in  I*’ifiurc  1.  U  e  assume  that  the  incident  field  is  n  plane  wave  pi’opu- 
gating  along  the  z-axis.  and  that  the  r-ceiv-'r  is  located  in  the  backward  hemisphc'c 


TO  RECEIVER 


PLASMA 


Figure  1.  Assumed  Geometrv-  for  the  Derivation  of  the  bcattered  inteiiBity 


(r/2  <  6  «  T)  .  and  lies  in  the  Fraunhofer  zone  of  the  plasma.  U  e  further  asaume 
that:  (11  the  plasm.,  is  underuense.  (21  the  scale  cizc  1.  of  tlm  lu:  bul.-n.  e  is  such 
thai  k  L  »  1  ,  where  is  the  wavenuniber  of  the  iiic.dvui  fe.gi-.ah  the  st  ale 
size  L  of  the  turbulence  Is  mucli  less  than  the  mean  free  path.  .  for  fd-.o'cm 
scatter.  When  these  assumptions  hold.  It  can  be  shown^  that  the  Ci.senibli  aver¬ 
aged  radiative  inteinsitv  I(x,  fll  in  the  direction  of  the  unit  vectoi  n  satisfies 

^n  •  f  +  1  I  (X  ,  n)  =  ^  d  n'  (I'l ,  h'l  I  (n’l  .  1 1 ) 


In  Fq.  (1),  d  fl  is  the  element  of  solid  angle, 

1  1  1 

7  =  TZ  Ti  ' 


(2) 


b.  Vt'atson,  I> .  M.  (1969)  Multiple  scattering  of  electromagnetic  waves  in  a  dense 
plasma,  .1.  Math.  Phvs.  10:688-702. 
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where  is  the  electron  plasma  frequency,  is  the  elect. "on-nectral  ccllr  ion 
freq.iency,  and  c  is  the  speed  of  light.  The  quantity  Ci^  is  tlic  scattering  cross 
section  per  unit  volume,  and  is  given  by 


2  2  ,  , 
r„  n  M 


- — ^~i"r  ^  rg  (X  .  r)  exp  'l]- 

('■y" 


where  r  is  the  classical  electron  radius,  n  is  the  ensemble  averaged  e'ec’ron 

^  "  2  //  2  2 i  . 

densitv.  g(v  ,  rl  is  the  pair  eorrelotior.  function  snd  p,  =  1  -  w_  /  [ui  '  l,  I'lnaiiv, 

1  P/  \  ^  I 


the  mean-free  path,  ,  for  photon  scatter  is  given  by 

^  =  ^  dfl'o^  (li,  h'l  |l  +  cos^6gj  . 

where  6,.  is  the  angle  between  n  and  n’. 

W  e  now  consider  Lq.  (1)  for  the  case  when  n  lies  in  the  backward  he.nisphere, 
and  we  rewrite  Hq.  (1)  as 


/  „  I-  J.  \  i.ii  -  iT  4 o  '  ~  I-  n' I  I  (U' > 

i  I  .  ‘  . 

n 

+  dn  a  (n  ,  n'l  1  (n'l  . 


where  is  the  forward  hemisphere  and  r2_  is  the  backward  hemisphere.  Now 

wlcn  k  I.  »  1  .  it  can  he  shown  that  In  ttie  forward  hemisphere  lih)  is  sharply 
o 

peaked  alH)’jt  6=0.  Therefore,  In  the  firat  Integral  on  the  right  hand  side  of 

Eq.  (Gh  o  rribv  be  expanded  in  Taylor  series  at>cut  6  ■  C  to  give 
R 


.  I  8cr„(6,e'»] 


(7  io,  e  )  -  +  o  |- 

S  S  L 


86  J 

e'=  0 


..  JAliZ- 
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6^a„(e,  e') 
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V I  'Liti  ubiiip  this  cxpi  cSHion  in  tlu-  fu  st  t<  rm  on  tno 

got 


Ul  liaiul  m.lt  of  Kq.  ((i),  'Vt 


0  1  =  c  '01  \'\  IdW'  .  \Yo' 


0  l-tu 


,  /  3  “c  _ 


0  ‘MS! 


T  ill'  ;it'<'oiui  Inrii'-  on  tin-  l  u'li!  IninO  snk-  of  I.q.  l7'  if.  o!  oi  .li  r  (k  1  )  oi'niiK.ri -.I 

with  tiu-  first,  while  the  third  terni  i.s  of  order  (k  I  >  “  roinp.  ted  with  tiu  first; 

o 

these  nia\  be  tieglertcd  iti  view  of  .isse.iii|>li,';i  (dl.  I  iirtin  i  niorefc||ynee  i  is  sri 
much  larger  in  the  forwaid  hemisphere  thuii  iti  the  backward  hemr^^ii  "e  iiia,v 
further  tippt oxiiiiate 


\V  IdSj'  .  \\  dS2'  1  ^  o  (f;^)  . 
A'  '  O  7 


I'por,  using  I',qR.(7)  uni  (H)  in  (0)  we  obtain 
|n-r<^jl(n)  ■  c  (01  Y  dQ'Mn’l 

( 

a  U  dSl'  rt  (r‘i  -  fi 't  I  (f  'i 

To  8iniplif>  the  last  term  in  liq.  (0)  we  i  etall  that  for  1.  >>  1  ,  o^(h-n')  is 
sharply  peaked  about  n  *  n  .  Therefore  I  can  be  expanded  in  I  ay  lor  series  as 


I  In')  «  !(r)  +  (b-n'l  -  7’.  I  +  —  7-/  1  t  ...  . 

n  z  n 


Upon  using  Eq.  (10)  In  (0)  »e  Oo.ain 


e2  3 

i—  -  2n  \  n‘  a_  (n)  dn  . 


t;  in-ist  tifxt  c.iUMihito  \\  \ \x\  )  di^.  'Mus  cun  be  done  l)v  nuiStipls  inji  l.i^.  (i) 
by  dW  and  inU't;rati!ij;  over  all'  solid  aiij^lc.  using  Uie  fait  tliat  »  \\  o  dSl, 

we  obtain  '  '  ^ 


tn  .  71)dU 


-  \\  Ids:  =  0. 


1  oi  a  plasi'.ii  stralifn  d  only  in  ttie  J-diieolion  Kg.  (12>  becomes 


i\  W  ’  z'-  \  \  icbj  =  0 


\\  luib  bas  a  solul  lon 


\\  1  dS2  »  l(z-C)  exp  I  -  ^  I  . 


I«q.  ,14)  Kc  also  approxiniatcly  cot  lect.  even  i(  tlie  plasma  is  also  weaKl.v  .'tratified 
in  the  X  and  \  directions.  'A  c  tben  liavc 


n  •  7  1  dtt  =  ^  dU  -  dSl  i  \\ 


At  2ti  Ti 

'  "Sx  ^  \  ^  \  \  su/e  Siii  r  1 

'D'D  ■  ‘0  *0 


2tt  n 

^  \  d^  (  d9  sin  0  <'oa  8  I  . 

'b  "0 


Now  I  IS  sharply  peaked  around  6=0,  when  k  1.  »  1  .  If  we  define  the  width  of 

^  a  ft  I 

1  as  (>  .  it  is  clear  that  the  first  two  terms  are  of  order  0  -e—  ,  while  the  last  is 

2  51  51  11  ftl  ^ 

of  order  0^  If  and  ^  are  of  the  same  order  as  sjj-.  then  correct  to  terras 

of  order  0^  «  1  we  ca;i  neglect  the  first  twoteinn"  in  Nq.  (lb),  ao  that  Kgs.  (13) 
and  (H)  are  approximately  valid  even  when  there  is  stratification  in  the  x  and  y 
directions. 

Ksuig  Kq.  (H)  in  (llj  finally  yields 


t  TT  Vr  1 


a_(0)l(7  =  O)  e' 


■where  «  =  \  T  “  •  ^  solution  of  i;q.  (lO  will  yield  an  expression  :or  the  in 

'0  ®  iti  > 

tensity  in  the  backward  heniiap  sre  (-ij  0  ^  n)  in  the  case  when  1  »  1  .  1  he 

tliii'd  term  on  the  left  hand  side  of  Kq.  MG)  is  gcncrnllv  iiH(.'>oi  taiU  only  « lien  Die 
patli  loiiiftti  is  very  large,  oi  0  is  near  ti/2.  To  see  tl.is  let  us  assuire  '  « 

(no  true  absorption)  and  neglect  the  1  term.  Then  the  solution  of  liq.  (i6)  for  I 
can  be  shown  to  be 


n  (0)11,  =0) 

l(z)  =  -Ji- - - -  |7-z, 

cos  6  '  < 


where  is  the  extent  of  the  plasma  in  the  /.-direction.  Therefore,  the  ratio  of 
the  neglected  term  in  Eq.  (13)  to  those  retained  is 


a  (en(/=0! 


Since  «  1  .  if  requires  that  either  1  or  cos  6  «  1  (or  both)  for  the 

tliird  term  on  the  left  hand  side  of  (IG)  to  be  important.  Therefore,  if 
.  25  ^ /cos^o)  «  1  ,  we  can  approximate  Eq.  (1C)  by 

(n  •  V  +  ^)  1  =  o  (9)  1  (ol  e'”  ,  (18) 

V  Ca/  g 


As  an  exHinple,  let  us  consider  the  case  whcntlie  plasma  is  stratified  only  in 
the  I'dlrection,  as  shown  in  h  lgurc  2.  Equation  (18'  is  then  readily  solved  for  1  . 
The  result  is 


I  (z,  0) 


1(0) 


dz’  o  (z',  9)  exp 
8 


1  r*  fliil 
H  4'  ) 


(19) 


where  P  =  cos  6.  The  alKive  soluti  ’•■Id  be  useful  for  obtaining  the  blstatic 
Ril.S  for  the  case  when  a  wake  is  il,'.  ..•led  by  a  wave  travelling  along  the  wake 
axis  witl;  the  receiver  located  at  an  angle  9^  =  «  -  6,  where  9^^  »  l/U^I..  Equa¬ 
tion  (19)  docs  not  give  the  correct  intensity  when  >1^1.]  ,  for  reasons  de¬ 
tail,  d  by  Watson’’.  When  9^  «  ^l/k^I.|.  the  correct  Intensity  is  21  -  . 

where  1  is  given  by  Eq.  (IS).  ..nd  is  the  intensity  derived  in  the  single  scatter 
approximation  and  is  given  by 
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I(Q=  n)  =  a  (nt  I  (o)  z,  i  ?. 


-1  - 


Ji- 


3  CAl(.L'LATIO>S  (.!  "•^■'  ar.S 

f  nce  the  ladiativv.'  inteiisity  I(x,n)  has  been  obtained  it  is  quite  siraightfo’'ward 
to  obtain  the  histatic  (or  moriostatic)  RCS.  Consider  an  element  of  area  dS  on  the 
target  surface,  v.-itti  thi  surface  normal  making  an  angle  b  with  the  line  joining  dS 
to  the  receiver,  as  shown  in  f  igure  3.  I,ct  l(S,h)  be  the  scattered  intensity  cross  • 
ing  dS  in  the  c'  lection  of  n  (as  we  demonstrated  vn  the  last  section,  this  quar' jty 
satisfies  Mq.  (13)’,.  Then  the  received  intensity  due  to  dS  is 


dS  cos  C  l(n,  S) 


where  r  is  the  distance  from  dS  to  the  re¬ 
ceiver.  Ttic  total  intensity  received  from  the 
entire  scatterer  is 


cos  V  I(n,  S) 


where  .S^  is  the  surface  a.  ea  of  the  scatterer, 
.'.'.f  bi  is  the  dn..ance  ,rorri  the  center  of  the 
o  to  tile  i'ev..civir.  iwe  can  replace  r  bv 

H  ,  since  the  receivet  .  a.ssumed  vO  be  in  the 
'  rau.'ilioftr  zone’,  b  ir,<iHy,  the  radar  cros® 
section  o!  the  s uttercr  is 
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* 
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llO)  ^  I(n,b).  (22‘ 


Figure  3.  Mod.l  Used  to 
Relate  the  Scattered  Inten¬ 
sity  to  the  RCS 


4  A'l.AAVfiV 


6  a  i.'jm.  I  ,cal  example  let  ua  return  to  the  prohiem  illustrated  in  Figure  4, 
oc;u  cc'ccl.ntc  t.b;  r.-.c.-icct.-.lic  ar.d  biatatic  tadai  cioos  Hcciiun  when  ihe  i  ectanguiar 
cj.'  'her  is  Il’uinirmted  along  the  z-a*i9.  We  w'ill  asavne  that  the  turbulent  eddies 
in  jie  wake  have  an  exponential  correlation  function  g'x,  i  )  »■  (<  fln^>  )exp  (-r/c), 
where  6n^  is  the  electron  density  fluctuation.  Foi  thl  v  case 
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Figure  4.  Scattering  by  a  !  •  tbuierit  l-'arallelep'ped 


8  ff  r^  <6n|>  ) 

^1  +  ^1  [l  -t  4(k,u‘‘^  sln^(e/2)]^ 


where  k,  = 


c.k  and 
o 


n2  <  fin  r  2  I  3 

c  u 


t  /  V, 


/  v/\ 

V  ^  ^ 


4k2L2) 


To  simplify  the  c.alculallon  we  ^il!  assume  that  is  position  independent 

and  that  I'j,  =  0 .  We  first  consider  the  case  when  3^  s  it  -  0  »  l/kpL. .  Here  the 
scattered  intensity  satisfies  Eq.  (18)  with  Upon  using  the  solution  of 

Eq.  (18)  in  (22)  we  find  that  the  contribution  to  the  cross  section  from  the  top  face 
of  the  rectangular  cylinder  is  =  (Tg  (B  -  B^)  tan  I  6^ I  j2  ,  while  the  contri¬ 

bution  from  the  front  face  is  (zj  wa  -(zj^y^2^  tan  I  6^1)  Og  (n  -  Oy)  so  that  the  net 
bistatic  cross  section  is 

7  "  *1 


=  a_  (e  -  e„)  V 


where  V  is  the  total  volume  of  the  plasma.  Therefoj-e,  for  ff/2  ^6^ 

the  rigorous  result  agrees  identically  with  the  result  one  would  obtain  from  the 

first  Born  approximation. 

When  6q  =  r-6«  '<  the  scattered  Intensity  is  given  by  Eq.  (21).  Ujjon 

applying  Eqs.  (21)  and  (22)  to  the  illuminated  laces  ^the  rectangular  cylinder  we 
find  ihat  the  net  radar  cross  section  of  the  plasma  is  (for  |  (.qI«  Ik^L)"') 


O  =  Og  (tr  -  e^) 


where  t  =  In  the  Ur.ilt  when  I  6^1  =  0,  this  result  reduces  to  the  previous 

result  obtained  by  deWoU,  The  results  of  Eqs.  (2b)  and  (26)  can  readily  be  gen¬ 
eralized  to  the  case  when  <  tT\^>  and  depend  on  z  .  In  that  case  we  have  from 
Eqs.  (2l>  ar.d  (22)  that  the  backscatter  cross  section  is 


<^back  =  ^  J  ^'g 

*  I 


r 

2 

1-2  C 

1  J  ^-a 

'  2  -  exp 

9  dz' 

'2  \  Tt' 

L  J 

1 

0 

where  t  is  given  by  Eq.  (3),  t,  is  given  (24),  and  a  (z',  6)  is  given  by  Eq.  (23). 

We  note,  again,  that  for  6^^  ~  (k^L)  neither  Eq.  (25)  nor  (26)  la  strictly 
valid,  a]  d  the  actual  solution  in  that  regime  is  a  smooth  transition  between  these 
two  solutions. 


5.  CONCLl.SIO^S 


We  have  found  that  for  underdense  turbulent  plasmas  in  which  the  scale  size 
of  the  turbrlenl  eddies  is  larger  than  the  signal  wavelength,  the  followlr.g  is  true: 

(a)  The  first  Born  approximation  gives  the  exact  blstatic  cross-section, 
proy^ed  0^  »  (k^L)'^  and  9q  is  not  so  close  to  ir/2  that  the  inequality 

.  2.6  (^l/^t  ®ol  violated. 

(b)  E'er  Sq  very  near  zero  the  bickecatter  PCS  is  given  by  Eq.  <27).  We 

note  that  for  this  case,  whenever  both  the  Dorn  approximation^  ^  and 

the  modified  Born  approximation^  are  incorrect, 

(cl  Frvr  vni,i»a  ryf  nf  order  ij neither  Ihc  Ecm  approxir,>attwii  iiui 
Eq.  (27)  is  strictly  valid,  and  the  solution  there  is  a  smooth  transition  between  the 
solution  for  6^  «(kQLjj(  *  and  for  ©q 
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